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Abstract

A method for finding the solution of linear time-varying multi-delay systems using a hybrid function is proposed. The
properties of the hybrid functions which consist of block-pulse functions plus Taylor series are presented. The method is
based upon expanding various time functions in the system as their truncated hybrid functions. Operational matrices of
integration, delay and product are presented and are utilized to reduce the solution of multi-delay systems to the solution
of algebraic equations. Illustrative examples are included to demonstrate the validity and applicability of the technique.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Delays occur frequently in biological, chemical, transportation, electronic, communication, manufacturing
and power systems [1]. Time-delay and multi-delay systems are therefore very important classes of systems
whose control and optimization have been of interest to many investigators [2-5].

Orthogonal functions and Taylor series have received considerable attention in dealing with various
problems of dynamic systems. Much progress has been made towards the solution of delay systems. The
approach is to convert the delay-differential equation to an algebraic form through the use of operational
matrices of integration and delay. These matrices can be uniquely determined based on the particular choices
of basis functions. Special attention has been given to applications of Walsh functions [6], block pulse
functions [7], Laguerre polynomials [8], Legendre polynomials [9], Chebyshev polynomials [10] and Taylor
series [11]. To the best of our knowledge, the literature on numerical solution of multi-delay systems by using
orthogonal functions and Taylor series, is sparse. Chen [12] used Walsh functions for the solution of multi-
delay systems. Due to the nature of these functions, the solution obtained were piecewise constant and
Razzaghi and Razzaghi [13] employed Taylor series to derive continuous solution.
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The available sets of orthogonal functions can be divided into three classes. The first includes set of
piecewise constant basis functions (PCBFs) (e.g., Walsh, block-pulse, etc.). The second consists of a set of
orthogonal polynomials (e.g., Laguerre, Legendre, Chebyshev, etc.). The third is the widely used set of
sine—cosine functions in Fourier series. While orthogonal polynomials and sine—cosine functions together form
a class of continuous basis functions, PCBFs have inherent discontinuities or jumps. It is worth mentioning
that approximating a continuous function with PCBFs results in an approximation that is piecewise constant.
On the other hand, if a discontinuous function is approximated by continuous basis functions, the
discontinuities are not properly modeled. Signals frequently have mixed features of continuity and jumps.
These signals are continuous over certain segments of time, with discontinuities or jump occurring at the
transitions of the segments. In such situations, neither the continuous basis functions nor PCBFs taken alone
would form an efficient basis in the representation of such signals. In general, the computed response of the
delay systems via orthogonal functions and Taylor series is not in good agreement with the exact response of
the system [14].

In the present paper, we introduce a new direct computational method to solve multi-delay systems. The
method consists of reducing the multi-delay problem to a set of algebraic equations by first expanding the
candidate function as a hybrid function with unknown coefficients. These hybrid functions, which consist of
block-pulse functions plus Taylor series are first introduced. The operational matrices of integration, delay,
and product are given. These matrices are then used to evaluate the coefficients of the hybrid function for the
solution of multi-delay systems.

The paper is organized as follows: in Section 2, we describe the basic properties of the hybrid functions of
block-pulse and Taylor series required for our subsequent development. Section 3 is devoted to the
formulation of linear time-varying multi-delay systems. In Section 4, we apply the proposed numerical method
to multi-delay systems, and in Section 5, we report our numerical finding and demonstrate the accuracy of the
proposed scheme by considering numerical examples.

2. Properties of hybrid functions
2.1. Hybrid functions of block-pulse and Taylor polynomials

Hybrid functions b,,(f), n=1,2,...,N, m=0,1,..., M — 1, are defined on the interval [0, 1) as

n—1 n
bnm(l‘) _ Tm(Nl — (l’l — l)lj’), t e |:<T) Z/,NZ/) , (1)

0, otherwise,

where n and m are the order of block-pulse functions and Taylor polynomials, respectively, and T,,(¢) = .

2.2. Function approximation

A function f(f) defined over the interval 0 to ¢y may be expanded as

o0 00

f(t) = Z Cnmbnm(t); (2)
0

n=1 m=

L] (d’”f(z))
"N\ A ) |y

If f(#) in Eq. (2) is truncated, then Eq. (2) can be written as

N M-1

f(t) =~ Z Z Cnmbnm(t) = CTB(t)a

n=1 m=0

where
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where
C= [Clo,-~~,01M7136’20,-.~,CzM71,-.~,CN0,.--,CNM71]T
and
B(1) = [b1o(1), ..., biag—1(2), bao(2), . . ., barg—1(0), . ... byo(D), - . ., byar—1 (D] 3)
The integration of the vector B(z) defined in Eq. (3) can be approximated by
t
/ B({)df ~ PB(z), 4)
0
where P is the MN x MN operational matrix for integration and is given by
E H H --- H
0O F H --- H
p=|0 0 E --- H (5)
0 0 0 E
with
tr 0 0 0
2
L 0 0 0
1 2
H=—
Nl
M
S/
= 0 0 0
M

and E is the operational matrix of integration for Taylor polynomials on the interval [((n — 1)/N)ty, (n/N)t/]
which is given in Ref. [13] by

01 0 - 0
00 1 0
1
E=—
N |
0 0 -
M1
00 0 0

2.3. The product operational matrix of the hybrid of block-pulse and Taylor polynomials
The following property of the product of two hybrid function vectors will also be used:
Let
B(t)B"(1)C ~ CB(?), (6)

where Cis a MN x MN product operational matrix. To illustrate the calculation procedure we choose M = 3
and N = 4. Thus we have

T
C = [c10,C11,C12, - - - Ca0, C41, C42] (7

B(t) = [b1o(1), b11(2), bia(2), . . ., bao(0), bar (1), bar(1)]". ®)
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In Eq. (8) we have

by =1 by =1
by =4t 0<t<y, bu=4r—1 <i<d )
bir = 1672 by = (41— 1)°
and
by =1 by = 1
byy=41-2 Hl<i<3 bu=4-3 B3i<i<l (10)

by = (41 — 2)° bir = (41 — 3)*

Using Eqs. (9) and (10) we have b;by = 0 if i#k, bibj = bjj, bubin = bin, biubpn = bz, bpbpp = by If we
retain only the elements of B(¢) in Eq. (8), then we get

by bu b
by b 0 O
b, O 0
BB () = by bar ba
O by by O
byp O 0

By using the vector C in Eq. (7) the 12 x 12 matrix C in Eq. (6) is

i 0 0 0
N 0 G 0 0
C= N ,
0 0 C; 0
0 0 0 C4

where C;, i =1,2,3,4 are 3 x 3 matrices given by

2.4. The multi-delay operational matrix of the hybrid of block-pulse and Taylor polynomials

The delay function B(t — k;), j = 1,2,...,ris the shift of the function B() defined in Eq. (3), along the time
axis by k;, where ki, k»,..., k. are rational numbers in (0, 1). It is assumed without loss of generality that
ki <k,< --- <k,. The general expression is given by

B(t — kj) = DjB(l), l>k,‘, (1 1)

where D; is the delay operational matrix of hybrid functions corresponding to k;. To find D; forj = 1,2,...,r,
we first choose N the order of block-pulse functions in the following manner:

We define w as the smallest positive integer number for which wk; € Z for j =1,2,...,r. Next we choose 4
as the greatest common divisor of the integers wk;, j =1,2,...,r, that is

A= gcdwky,wky, ..., wk,).
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Let
;— if % ez,
N = vw ) (12)
{ﬂ + 1 otherwise,

where [.] denotes greatest integer value.

With the aid of Eq. (1), it is noted that for the case k; <t<k; + A/w, the only terms with nonzero values are
bim(t — kj) form =0,1,2,...,M — 1. If we set f; = wk;/Z + 1, and expand by,,(¢ — k;) in terms Ofbﬁjm(l), since
bim(t —kj) = b/;/,m(t), then the coefficient (element) of the delay matrix is an M x M identity matrix.

In a similar manner, for k; + 2/w<t<k; +24/w, only by,(t — k;) for m=0,1,2,..., M — 1 has nonzero
values. If we set y; = f; + 1, and expand by, (7 — k;) in terms of b},jm(t), since bop(t — kj) = b},jm(t), then the
clement of the delay matrix is M x M identity matrix. Thus, if we expand B(t — k;) in terms of B(¢) we find
NM x NM matrix D; as

0 --- 0

0

D; = . :
o o0 o0 --- I

o0 o0 --- 0

It is noted that the first identity matrix in the first row is located at the f;th column.

3. Problem statement

Consider the following linear time-varying multi-delay system:

X(1) = E()X(1) + Z Fi()X(t — k) + G(U(r), 0<t<1, (13)
Jj=1

X(0) = Xo, (14)

X() = d(1), <0, (15)

where X (¢) € R/, U(r) € R, E(f), G(1), and Fi(1), j=1,2,...,r, are matrices of appropriate dimensions, X is
a constant specified vector, and @(¢) is an arbitrary known function. The problem is to find X(z), 0<r<1,
satisfying Eqs. (13)—(195).

4. Approximation using hybrid functions

Let

X(0) = i@, %200, ..., xi], U@) = (@), ux(0), ..., ug ()] (16)

B()=1,®B(t), Bi()=1,® B(1), (17)

where I; and 1, are the /- and g-dimensional identity matrices, B(f) is MN x 1 vector and ® denotes the
Kronecker product [15]. Using the property of the Kronecker product, B(r) and B() are matrices of order
IMN x [ and ¢MN x g, respectively. Assume that each x;(¢) and each of u;(¢), i=1,2,...,/, j=1,2,...,q,
can be written in terms of hybrid functions as

xi() = B'(0)X:, wi(H)=B'(H)U,.
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Then, using Eqgs. (16) and (17), we have

X =B"0xX, Uw=B»nU,
where X and U are vectors of order IMN x 1 and ¢gMN x 1, respectively, given by

X=[X,Xo,...X]", U=[U,U,,....,U]"
Similarly we have
X(0)= B'(tyd, &(t—k;) = B"()R;,
where d and R;, j =1,2,...,r, are vectors of order /MN x 1 given by
d=1[d,d,....d]", R =[w1,n,...,0]".
We now expand E(¢), Fi(t), j=1,2,...,r, and G(¢) by hybrid functions as follows:
E(t)=[Ew,Ens....Eiy-1,....Eno. Ents. .., Exu—1]"B(t) = ETB(1),

Fi() = [Fji0s Fitts - - s Fjiaa—1ys - - s Finos Fints - - - Fineu—n)] ' B(t) = E,TB(Z),

G() = [G10, G-+ Giag—1s- - - Grnos Gt - -, Gyn—1]" Bi(2) = GT By (1),
where ET, F/T, j=12,...,r,and GT are of dimensions / x IMN, [ x IMN and / x gMN, respectively.

We can also write X (¢ — ki), j=1,2,...,r, in terms of hybrid functions as

BY(OR,, 0<t<k;,

X(t—=Fk) = ~ ~
(=) B 0DTX, kj<i<l,

where

Di=1,®D;

and D; is the delay operational matrix given in Eq. (11). Now we have

E0OX(t) = E"B(t)B"(nX = B"()E"X, G()U(t) = G"Bi()BI (1)U = B" ()G U,

where E and G can be calculated similarly to matrix C in Eq. (6). Moreover,

/ , BY(/)di = (I, ® B (t))(I; ® P") = B (1)P",
0

‘ B'(nPTF]R;, 0<1<k;,
Fi(hX({ —kj)di =< o A e n
/0 ADXC /) B")Z,FTR + BT(0PTFI DX, k;<i<l,
where
P=1,®P

and P is the operational matrix of integration given in Eq. (5), and

ki .

/ BY(ndt = B'(1)z,,
0

where Z;, j=1,2,...,r, is a constant matrix of order IMN x IMN.

By integrating Eq. (13) from 0 to ¢ and using Eqgs. (18)—(22), we have

r

B'()X — B'()d = B"()P"E"X + ) [B"()P"F] R; + B"(0Z;F] R, + B'()P"F D] X]

Jj=1
+BT(0)P"G"U.

959

(18)

(19)

(20)

21

(22)

(23)
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Using Eq. (23) we obtain

r -1

pT T T T AT
I-PTET = PUFD]

J=1

X =

d+) (PTE[R;+ Z;F{R) + PTG'U
Jj=1

5. Illustrative examples

In this section three examples are given to demonstrate the applicability, efficiency, and accuracy of our
proposed method. First by using Eq. (12), we determine N, which gives the number of intervals for a specific
problem. Thus we have different intervals given by

[o,i], F%} [(N— 1)£,Ni].
w w w w w

To define x(¢) for ¢ in the interval [0, 1/w] we map [0, A/w] into [0, N2/w] by mapping ¢ into Nz, and for ¢ in the
interval [1/w,24/w] we map this interval into [0, NA/w] by mapping ¢ into Nt — N(4/w), and similarly for the
other intervals. When selecting M, we first choose an arbitrary number depending on the problem. Since we
are approximating by using Taylor series only in each subinterval, if the exact solutions in each subinterval are
polynomials, we can increase the value of M by 1 until two consecutive results are the same in each
subinterval. When the exact solutions in each subinterval are not polynomials, we evaluate the results for two
consecutive M’s for different 7 in [0, 1] until the results are similar up to a required number of decimal places
for each subinterval.

5.1. Example 1

Consider the multi-delay system described by

X)) =x(t—-035)+x(r—-07)+1, 0<r<l, (24)
x(1)=0, 1<0. (25)
Although the above system is time invariant, the method described here can be used. The exact solution is [13]
t, 0<1<0.35,
(1) = { 1+ 31 —0357, 0.35<1<0.7,

80 +2(t—0.7)+ (1 — 0.7 + 4t — 0.7, 07<t<]1.

By using Eq. (12), since k; = 35/100 = 7/20 and k, = 7/10, we get w = 20 and A = g.c.d(7, 14) = 7, hence we
select N =[20/7] + 1 = 3, we also choose M = 4.

Let
x(t) = CTB(1), (26)
where
C =1[C10s-+++C13,C20n - -+ 5 C23, €305 - - - > C335 C40s - - - > C43] " (27)
and
B(t) = [b1o(0), - . ., b13(2), bao(0), - . ., ba3(0), bao(2), . . ., b33(0), bao(2), . . ., bz ()] (28)
By expanding ¢ in terms of hybrid functions we get
t = e B(1), (29)
where

e=1[0,1,0,0,%10,0,1%10,0]".
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We also have

x(t—0.35) = C'DB(t), t>0.35, (30)
x(t—0.7) = C'D,B(1), t>0.7, (31)
where D; and D, are the delay operational matrices given by
0 I, O 0 0 I4
D=0 0 Iy, D=0 0 0], (32)
0 0 0 00 0

where /4 is a 4-dimensional identity matrix.
Integrating Eq. (24) from 0 to ¢ and using Egs. (25)—(32) we obtain

C'=e'[I;,— DPI!,

where D = D; + D, and P is the operational matrix of integration given in Eq. (5). Using Eq. (32) the vector C
can be found as

=10,

5
Further, to define x(¢) for ¢ in the interval [0,0.35] we map [0,0.35
similarly for the other intervals. From Eq. (26) we get

1T (30), 0<1<0.35,
x() = { %To(3t — 1.05) +1T1(3t — 1.05) + £ T>(3t — 1.05)%, 0.35<1<0.7,
SOT0(3t — 2.1) + 5 T1(31 — 2.1) + §T>(3t — 2.1)* + [5T3(3t — 2.1, 0.7<1t<],

0,0, 5,k 0,80 9

11T
53> 520°3° 18 V2 800° _] .

162
] into [0, 1.05] by mapping ¢ into 37 and

where T,,(f) =", m=0,1,..., M — 1. After simplifying the same value as the exact x(¢) would be obtained.

5.2. Example 2

Consider the following multi-delay system:

xX()=tx(t —04)+x(t —0.8) + 1, 0<r<lI, (33)
x(H)=0, <0. (34)
The exact solution is [13]
t, 0<1<04,
x(ty={ 3+ -0+ - 0.4)° + (¢ — 0.4)°, 0.4<1<0.8,

84 31— 0.8) + 11t — 0.8)" + (¢ — 0.8)’ + L(t — 0.8)" + {(r — 0.8)°, 0.8<r<1.

Here, we solve this problem with hybrid functions by choosing N =3 and M = 6.
Let

x(t) = CTB(1), (35)

where C and B(f) can be obtained similarly to Egs. (27) and (28). We also have
x(t—04)=C'D\B(1), t>04, (36)
x(t—0.8) = CTD,B(r), 1>0.28, (37)
t=10,1,0,0,0,0,%10,0,0,0,4,1,0,0,0,0]B() = K'B(1), (38)

where D; and D, are the delay operational matrices given in Eq. (32).
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Integrating Eq. (33) from 0 to ¢ and using Eqs. (34)—(38) we get
Cc' =K1,y — D, KP— D,P|"!,

(39)

where I3 is a 18-dimensional identity matrix, K can be obtained similarly to matrix C in Eq. (6), and P is the

operational matrix of integration given in Eq. (5).
From Eq. (39) the vector C can be found as

_ 1 21 1 1 64 11 11 29 7 1 1T
€ =10,5,0,0,0,0,5 3, 3551 0. 0. 75, 25, 50> 5035 7560 3043) -

Using Eq. (35) the same value as the exact x(f) would be obtained.

5.3. Example 3

Consider the time-varying multi-delay system described by
x1(1) _<z 1) xi(1—9) <2 z) xi1(t—3) (0) "
00 ) T\ 2 )\we-5) T\ o)\ ne-p) T 1)"

xi(t) = x2() =u(t) =0, t€[-30]

with

and
w(t)=2t+1, t>0.

The exact solutions are [14]

0, 0<r<i,
xi()=1 sttt i 3<1<3,
T — et + 15 40 + St + 40, i<
and
1+ 12, 0<r<i,
xa(t) = { pe+ 1+ L2+ + 1 <<y,
et 1+ 08 4 Bt 15 160 1<k

Here, we solve this problem by choosing N =3 and M = 7. Let
xi1(f) = CIB(1), x2(1) = C3B(1),

(40)

(41)

(42)

(43)

where Cy, C; and B(f) can be obtained similarly to Eqs. (27) and (28). By expanding ¢ and #* in terms of hybrid

functions we obtain

t=1[0,4,0,...,0,5,10,...,0,210,...,01B(t) = K| B(»),

#=10,0,5,0,...,0,5,210,...,0,£4 L 0,...,01B(+) = K; B(1).
We also have

txi(t —3) = CID\K\B(1), tx:(t —3%) = C3D\K,B(1),

tle(l — %) = CTDQ[%zB([), txo(t —% = C;Dzle([),

(44)

(45)

(46)

(47)

where K| and K, can be calculated similarly to matrix C in Eq. (6). By integrating Eq. (40) from 0 to ¢ and

using Eqs. (41)—(47) we get
Cl = CIDiK\P+ C3DP+2C{D:P + C3 DK, P,

(48)
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C} = C{D\K\P+2C;D K\ P+ C{D,K2 P+ K| + K. (49)
Solving Eqgs. (48) and (49) and using Eq. (43) the same values as the exact x;(¢) and x,(¢) would be obtained.

6. Conclusion

The hybrid of block-pulse functions and Taylor series and the associated operational matrices of integration
P, product C, and delay D are applied to solve the linear time-varying multi-delay systems. The method is
based upon reducing the system into a set of algebraic equations. The matrices P, C, and D have many zeros;
hence, the method is computationally very attractive. It is also shown that the hybrid of block-pulse functions
and Taylor series provides an exact solution for Examples 1-3. It is noted that exact solutions obtained in
Examples 1-3 cannot be obtained either with Taylor series nor with orthogonal functions alone.
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